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STEP 2 — Integration with Trigonometric Functions

Further calculus

1
Integrate functions of the form (1 + x*) " and (1 - x?)?
and be able to choose trigonometric substitutions to integrate

associated functions.
Q1, (STEP lll, 2006, Q2)
Let 1 1
2 cos 6 37 sec2 6
I= df and J= 49

where 0 < a < %71'.
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cos2 f

(i) Show that [ :/

—— df and hence that 2] = -
_1z 1 +sinfsin2a 1. 1+ tan2 6 cos? 2a

~ix
(i) Find J.
(iii) By considering I sin®2a + J cos® 2a, or otherwise, show that I = %’r sec” a.

(iv) Evaluate I in the case %W <a<inr

Q2, (STEP Ill, 2011, Q4)

The following result applies to any function f which is continuous, has positive gradient and
satisfies f(0) = 0:

a b
a.bg/o f(;r)d;r—'r/ f~(y)dy, (*)

JO

where f~! denotes the inverse function of f, and a =0and b= 0.

(i) By considering the graph of y = f(x), explain briefly why the inequality (%) holds.
In the case a > 0 and b > 0, state a condition on a and b under which equality holds.
& . 1 S S |
(ii) By taking f(z) = 2P~ in (*), where p > 1, show that if — + — =1 then
p q
a? b
ab < — + —.
p q
Verify that equality holds under the condition you stated above.

(iii) Show that, for 0 < a < %Tf and 0 < b <1,

ab < baresinb + /1 — b —cosa.

Deduce that, for t > 1,
arcsin(t ') >t — 12 - 1.
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Q3, (STEP 1lI, 2017, Q6)

In this question, you are not permitted to use any properties of trigonometric functions or
inverse trigonometric functions.

The function T is defined for = > 0 by

=
T(z) = du,
o0
dTs—= d ‘hich has a finite value).
and T, ./0 T2 u (which has a finite value)

(i) By making an appropriate substitution in the integral for T(xz), show that

T(z) = Toe — T(z71).

, where a is a constant. Verify that, for u # a—l,

U+ a
ii) Letv=
(ii) Letw T

dv " 142
du 14+ u?”

Hence show that, fora > 0 and = < —,
a

T(m):T(l’”)—T(a).

1—axr

Deduce that

T(z~ ') = 2Ty — T ( ET6 ) —T(a™ )

1—ax

and hence that. for b > 0 and y > % A

T(y) = 2T — T ( b*::bl) —T(b).

(iii) Use the above results to show that T(v3) = 2T, and T(V2 —1) = %Trx, .
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Q4, (STEP 111, 2014, Q4)

(i)

(ii)

Let
1 1
Ji= / ((y')2 - y2) dx and li= / (y' + ytan z)dz,
0 Jo

where y is a given function of r satisfying y = 0 at x = 1. Show that I — I, = 0 and
deduce that I > 0. Show further that ] =0 only if y =0 forall z (0 < z < 1).

Let
1

= ((y'_)'2 - (1.2-_1/2) dx.
0

where a is a given positive constant and y is a given function of x, not identically zero,
satisfying y = 0 at x = 1. By considering an integral of the form

1
/ (v' + aytanbx)? dz ,
0

where b is suitably chosen, show that J > 0. You should state the range of values of a,
in the form a < k, for which your proof is valid.

In the case a = k, find a function y (not everywhere zero) such that J = 0.

Q5, (STEP I, 2004, Q4)

Differentiate sect with respect to ¢.

(i)  Use the substitution z = sect to show that fz L dr = V3-2 s
B perdri-1 8 247
(ii)  Determine f ! de .
(z+2)/(z+ 1)z +3)
1
iii Determine dr |
o [{$+2)V$§+4$—5

Q6, (STEP 1, 2009, Q7)

Show that, for any integer m,

(1)

1
m2 + 1

27
/ e cosmrdr = (OZW ~-1).
0

Expand cos(A + B) + cos(A — B). Hence show that

27
27
/ e® cos x cos br dr = 2> (e*™ —1).
Jo

2%
(i1) Evaluate / e’ sin2rsin4r cosr dx .
0




